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In quantum mechanics, the spaces of momentum and its conjugate, the position, are related via
Fourier transforms and thus the properties are interwoven with their structure. In particular, for
lattice systems possessing an underlying discrete position space, the momentum becomes finite.
Moreover, if the lattice length is finite, L < ∞, the momentum space also becomes both finite
and discrete breaking altogether the continuity of the dispersion relation. This aspect is relevant
in new systems such as the topological materials. We address this point paving the path for new
ways to the observation of Majorana quasi-particles. Furthermore, the Kitaev model, which is
the simplest Hamiltonian supporting Majorana fermions, is therefore taken as a starting point for
the theoretical description of the work. Our study focuses on finding the zero-energy modes in
an artificial arrangement of a non-interacting superconducting finite nanowire by using a discrete-
sine transform with the purpose of going from position to momentum space considering hard-wall
boundary conditions in the process. Here, a new L-dimensional Nambu operator to diagonalize
the system in the Bogoliubov-de Gennes formalism is proposed and, further, we arrive to a new
space with a considerable reduced dimension allowing the treatment of larger system sizes. We
also present a comparison between the numerical and third order perturbation theory for the weak
coupling regime results presenting an excellent agreement. Finally, we analyze the wavefunctions
of the retrieved zero-energy modes showing that they are indeed edge states and thus they have an
exponential decay.
I. INTRODUCTION
Nature always surprises us with novel wonders. Nowa-
days, the condensed matter community focuses efforts on
rare materials such as topological insulators that behave
as insulators in the inside keeping conducting states on
its surface [1]. Although band insulators may present
surface states with conducting properties, the main fea-
ture of the topological version is that they present a non-
trivial symmetry-protected topological order [2, 3]. This
fact can be used to achieve nanometric scale holograms
using nanometric topological insulator thin films as an
optical resonant cavity [4], to name but an instance.
On the other hand, one of the most attractive phenom-
ena expected to appear in high-energy physics is unveil-
ing itself as low energy excitations in condensed matter
systems. This is the particular case of both Weyl and
Majorana fermions [5–7]. The former appear as solu-
tion of the Dirac equation for massless spin-1/2 parti-
cles [8] and were discovered as collective excitations in
TaSa since its linearly dispersing valence and conduc-
tion bands cross at discrete points enabling the material
to host them [9]. More recently, new effects have come
to light as the Kondo effect on such materials rendering
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them as Weyl-Kondo semimetals [10], widening the pos-
sibilities of innovation and technology out of this field.
The later rise from superconducting topological materi-
als where the surface states may host non-fundamental
excitations known as Bogoliubov quasiparticles that are
their own antiparticles thus bringing them the nickname
of Majorana zero modes.
The Majorana fermions idea permeates several fields
going from high energy physics theories [11, 12], to con-
denced matter experimental realizations [13–16] includ-
ing quantum computing and spintronics applications. In
the later, the Majoranas are presented in form of non-
trivial emergent excitations rather than fundamental par-
ticles.
The immense development of experimental techniques
in ultracold atomic Fermi gases in the last years has
opened new avenues for the research of strongly corre-
lated systems in condensed matter physics and beyond.
The ability to control the interactions via Feshbach res-
onances [17] sets new perspectives for experimental real-
ization and study of several different exotic systems such
as spin-polarized superfluidity (with population imbal-
ance), superconductivity with nontrivial Cooper pairing
and Bose-Fermi mixtures or mixtures of fermions with
unequal masses, among others [18–20]. Currently, the un-
conventional superconductivity with a non-trivial Cooper
pairing lays down one of the most important directions
of studies in the theory of condensed matter [21] and ul-
tracold quantum gases [22, 23].
2A remarkable simple model holding unpaired Majo-
rana fermions has been presented by Kitaev [24], which
is a model of topological superconductor comprised of
spinless fermions and thus is the model we consider. It
can be experimentally realized by a semiconducting fi-
nite nanowire device able to accommodate Cooper pairs
through an artificial arrangement holding a strong spin-
orbit interaction in proximity to an s-wave superconduc-
tor under the action of a external magnetic field [13–
16]. Moreover, the Kitaev chain is equivalent to the
Su-Schrieffer-Heeger (SSH) model [25] that has several
experimental realizations where the topological features
are observed [26, 27].
Keeping all that in mind, this paper is organized as
follows. In Sec. II we briefly introduce the Kitaev model
and use the Bogoulibov-de Gennes formalism in momen-
tum space to retrieve its energy spectrum however miss-
ing the unpaired Majoranas due to the unbroken trans-
lational symmetry. Then, we employ a revised version
of the Fourier transform that imposes hard-wall bound-
ary conditions allowing the rise of edge states. Later, in
Sec. III, we consider a weak coupling regime where the
pairing is treated as a small perturbation up to 3rd order
on a tight-binding model to retrieve the system spectrum.
Then, Sec. IV focuses on the edge states retrieving the
wave function in both momentum and position spaces
showing, in the later, their localization and exponential
decay. And finally, Sec. V is devoted to conclusions and
remarks.
II. MODEL AND METHOD
We consider the Kitaev model described by the Hamil-
tonian [24]
Hˆ =
∑
l
[(
−taˆ†l aˆl+1 −∆aˆlaˆl+1 + h.c.
)
− µ
(
aˆ†l aˆl −
1
2
)]
,
(1)
where aˆ†l (aˆl) is the operator that creates (annihilates) a
fermion at the l-th site, the hopping rate is given by t, µ
is the chemical potential and ∆ is the pairing parameter
or superconducting gap.
a. Translational invariant momentum rep-
resentation: The customary Fourier trans-
form relating momentum and position spaces,
aˆl = (1/
√
L)
∑
k exp(−ikl)aˆk with l the lattice site
index and k the momentum index, holds only for
periodic boundary conditions with a periodicity of L
and thus it may even represent infinite chains in the
uniform case. It is worth to mention that there exist
two particular points, k = {0, π}, where destructive
interference breaks the translational invariance as shown
in Fig. 1. Hence, only in that case the system behaves
as a finite chain.
The Hamiltonian (1) represented in momentum space
is written in a matrix form by using the Nambu operators
Cˆk = (aˆk, aˆ
†
−k)
T and Cˆ†k = (aˆ
†
k, aˆ−k)
T. Following the
PBC HWBC
Destructive 
interference
PBC
a. b. c.
FIG. 1. One dimensional chain depicted with a) periodic
boundary conditions (PBC) and b) hard-wall boundary con-
ditions (HWBC). Panel c) presents the special PBC case for
k = {0, pi} where destructive interference appear at a given
lattice point recovering the topology of the HWBC.
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FIG. 2. The Kitaev chain described by the usual Fourier
transform (periodic boundary conditions), leads to wrong gap
results since it does not close where the topological phase is
expected within µ ∈ [−2, 2]. The plots where generated by
taking L = 51.
Bogoliubov and de Gennes (BdG) formalism [28], it takes
the form Hˆ =
∑
k Cˆ
†
HBdGCˆ+
∑
k ǫk where the coupling
matrix is given by,
HBdG =
(
ǫk −∆∗k
−∆k −ǫk
)
(2)
and ǫk = −µ−2t cos(k), ∆k = i∆sin(k). The eigenvalues
of HBdG are: λ± = ∓
√
ǫ2k + |∆k|2. In Fig. 2, we plot the
difference ∆E = |λ+ − λ−| for a set of ∆ ∈ (0, 1), being
t the energy unit, i.e. t ≡ 1. For ∆ > 0, when the gap
is finite the phase is trivial, otherwise the system has a
topological phase supporting free Majorana states [29].
As it is observed, the gap closes only at |µ| = 2 and for
∆ ≪ 1, the number of visible wrinkles is the exactly L
(see curve ∆ = 0.2 in Fig. 2). Hence, the formalism is not
suitable to describe the system with unpaired Majoranas
since the expected results are not obtained.
b. Sine discrete Fourier transform type I: In or-
der to seek the unpaired Majoranas, we should ex-
press the Kitaev model in the so-called Majorana rep-
resentation in position space. The usual relations are
32t = |µ|
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FIG. 3. (Color online.) Usual phase diagram for the Ki-
taev chain, the topological phase is located in the color region
bounded by the 2t = |µ| lines, outside the system remains in
the so-called trivial phase.
aˆl =
1
2
(
γˆAl + iγˆ
B
l
)
, and aˆ†l =
1
2
(
γˆAl − iγˆBl
)
, where
γˆαl creates/annihilates a Majorana quasi-particle of the
α ∈ {A,B} kind at the l-th site. These operators hold
the anticommutation relation {γˆAl , γˆBm} = δl,mδA,B and
(γˆαl )
2 = 1, which leads the quasi-particles to be their
own antiparticles or, in other words, γˆA = (γˆA)†. In this
way, the Hamiltonian (1) in the Majoranas representa-
tion reads
Hˆ = −i
∑
j
[
(t+∆)γˆAj γˆ
B
j+1 + (t−∆)γˆAj+1γˆBj
]
− iµ
∑
j
γˆAj γˆ
B
j . (3)
As we have seen previously, the typical Fourier trans-
form leaves out the possibility of having edge states,
therefore, we use an specific transform that complies with
the required boundary conditions. To achieve this, we
consider the kinetic eigenfunctions given by plane waves,
where due to the degeneracy, every pair of states with
opposite momenta {| ± k〉} form a subspace, and on
that account, one can use a convenient basis given by
|ζβ〉 = e
ipi
4
(1−β)
√
2
[|k〉+ β|−k〉] with β = ±1. In order to be
consistent with the hard-wall boundary conditions the
edge states require, we impose the eigenfunctions to van-
ish at the edges (l = 0 and l = L+1) leaving us only with
the states |ζ−〉 and an effective system size of L. The ba-
sis orthonormality is granted since 〈ζ−|ζ′−〉 = δζ,ζ′ (see
appendix A). The corresponding sine discrete Fourier
transform type I on the ladder operators is finally given
by
aˆl =
√
2
L+ 1
L∑
ζ=1
sin
(
πlζ
L+ 1
)
aˆζ . (4)
After applying this appropriate transform to equation
(3) we are led into the momentum representation where
the Hamiltonian takes the form
Hˆ = i
L∑
ζ=1
γˆAζ

Eζ − 2∆∑
ζ′
Fζζ′

 γˆBζ′ , (5)
-2
-1
0
1
2
-2-1 0 1 2
η = 0.147
-2-1 0 1 2
η = 0.420
-2-10 1 2
η = 0.500
-2-1 0 1 2
η = 0.574
-2-10 1 2
η = 0.808
Im
Re Re Re Re Re
FIG. 4. The coupling matrix spectrum goes from real (η =
0) to pure imaginary (η = 1) values, showing the transition
regime from the weak coupling (free-electrons with reduced
mobility) to strong coupling where the pairing gives rise to
Majorana quasiparticles.
with
Eζ(µ) = −µ− 2t cos
(
πζ
L+ 1
)
,
Fζζ′ =
2
L+ 1
(
SζSζ′
Cζ − Cζ′
)
, ζ + ζ′ odd, (6)
where Sζ = sin
(
piζ
L+1
)
and Cζ = cos
(
piζ
L+1
)
. Accord-
ingly, the numerical problem has been reduced from an
exponentially large matrix dimension of (2L × 2L) to
(L × L), allowing us to study much larger system sizes
without losing any information during the process since
no approximation has been done.
The notation is significantly simplified by
the use of the following Nambu-like operators:
~Γα = (γˆα1 , . . . , γˆ
α
ζ , . . . , γˆ
α
L)
T, where α ∈ {A,B}. In
this way, the Hamiltonian (5) becomes,
Hˆ = i~ΓA · [HD +HS] ~ΓB, (7)
with HD being a diagonal matrix displaying the disper-
sion relation of free fermions in the chain and HS is a
skew-symmetric matrix containing the pairing term that
switches on the topological phase along with the free
Majoranas. Figure 3 presents the usual Kitaev’s phase
diagram for which the color region holds the topologi-
cal phase whereas in the white region the phase remains
trivial. The figure is obtained by calculating the singular
value decomposition (SVD) of the Bogoliubov-de Gennes
coupling matrix, [HD +HS] of equation (7) for a given
pairing value ∆ = 0.3, depicting in color only where the
lowest singular value vanishes, d0 = 0.
The parameter space of the Hamiltonian can be re-
duced by introducing the following parameterization t =
E0 cos
2(πη/2), ∆ = E0 sin
2(πη/2) with H˜ = Hˆ/E0 and
µ˜ = µ/E0 with E0 = t + ∆ as an energy scaling where
η ∈ [0, 1]. This parameterization determines four inter-
esting regions which are shown in Fig. 4: η = 0 for free
electrons and real eigenvalues, 0 < η ≪ 1 or weak cou-
pling where perturbation theory holds keeping the eigen-
values real, η = 1 where the physics is dominated only
by the pairing with purely imaginary eigenvalues, and fi-
nally, the remaining values of η form the fully dimerized
region with complex eigenvalues and presenting unpaired
4−2
−1
0
1
2
10 20 30 40 50
E
ζ
ζ
∆ = 0
Effective hopping
Pertrubation Theory
Numerical solution
FIG. 5. Kitaev chain spectrum for L = 51, t = 1, µ = 0 and
∆ = 0.35 where the perturbation theory is still valid. As we
can see, all the results coincide: Numerical diagonalization
(×), 3rd order perturbation theory (+) and the fitting with
an effective hopping (◦) from equation (9). The small dots in
black (·) represent the particular case of ∆ = 0 as a guide,
showing that the structure of the spectrum does not change
with the small perturbation.
Majoranas. Henceforth, we concentrate in the parameter
region displaying Majoranas, they are the weak coupling
and the fully dimerized regimes.
III. WEAK COUPLING REGIMEN: 0 ≤ η ≪ 1
In the Hamiltonian (7) the HS term can be treated as
a small perturbation compared to the HD term when η
is small enough. The correction to the energy for a given
ζ up to third order is given by,
E
(3)
ζ = Eζ −
8∆2
t(L+ 1)2
∑
ζ′
ζ + ζ′odd
S2ζS
2
ζ′
[Cζ − Cζ′ ]3
. (8)
By analyzing this expression one can observe that, for
L ≫ 1, the perturbation only modify the band-width
of the dispersion relation through an effective hopping
parameter, teff = t− 2∆2t , and thus
E
(3)
ζ ≃ −µ− 2teff cos
(
πζ
L+ 1
)
. (9)
Figure 5 presents the Kitaev spectrum for a given param-
eter set and a system size L = 51. It shows the compar-
ison between the full diagonalization of the Bogoliubov-
de Gennes coupling matrix, the perturbation theory and
the effective dispersion relation of Eq. (9). We can see
there the perfect agreement among all three curves. The
free-particles spectrum (∆ = 0) is shown as a guide to
the eyes making evident that the functional form of the
spectrum does not change where the perturbation theory
is still valid.
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FIG. 6. (Color online.) Parametric −ηµ˜ phase space for the
Kitaev chain. The topological phase is located in the color
region bounded by the µ˜ = ±2 [cos(piη/2)]2 curves, outside it
the system remains in the trivial phase. At the left border
one can see the wrinkles due to the finite size effect, for this
plot we consider L = 51.
IV. FULLY DIMERIZED LIMIT: 0 < η < 1
Let us consider the fully dimerized limit where zero en-
ergy modes (unpaired Majorana fermions) can be hosted
embedded in a fermionic environment. For odd system
sizes there is always a real eigenvalue and under the ade-
quate parameter set it can be tuned to zero. In order to
generate a −ηµ˜ phase diagram, we plot solely the mini-
mum singular value , d0, from equation (7). In this fash-
ion, we retrieve Fig. 6 which, for L = 51 sites, displays
two distinct regions: the outside region in white where
d0 > 0, representing a trivial phase and the color region
where the minimum singular value strictly annulates,
d0 = 0, and thus there should be a zero eigenvalue of the
system. Moreover, for the regime η ≪ 1, the system en-
ergy vanishes (E
(3)
ζ = 0) when the transcendental equa-
tion cos (ζπ/(L+ 1)) = µ˜/(−2teff) holds. Only for cer-
tain values of µ˜ there are zero-energy modes, hence Fig. 6
presents wrinkles in the weak coupling regime. Neverthe-
less, this region smooths as the system size grows and the
whole region homogenizes.
In order to retrieve the zero-energy eigenstates, we con-
sider the fact that wherever the coupling matrix HD+HS
has a zero eigenvalue, it also has a null determinant. In
other words, its columns (rows) are linearly dependent
vectors and thus it is possible to find at least one vec-
tor with dimension L linearly independent to them. In
this way, we take a random vector and diminish it by
the projections upon each of the the columns (rows) of
the interaction matrix. The result is a vector such that
it is a right (left) eigenvector with an eigenvalue equals
to zero. Figure 7 shows the eigenfunctions of the zero-
energy modes, Fig. 7(a) presents it in momentum space,
φζ , for both Majoranas species A and B. One can ob-
served a delocalization for both wavefunctions being an
oscillatory type for B-kind and its envelope given by A-
kind. On the other hand, Fig. 7(b) displays both eigen-
5functions in position space, φl, a strong localization at
the edges is clearly seen with exponential decays, distinct
signatures of unbound Majorana states.
V. SUMMARY AND REMARKS
We focus on the study of zero-energy modes of the Ki-
taev model putting special attention on a suitable trans-
formation to bring the system from the position to the
momentum representation considering the proper bound-
ary conditions. The necessity lies in the fundamental
fact that these are edge modes meaning the precondition
of a finite chain. Hence, the customary Fourier trans-
form, which holds solely for periodic boundary condi-
tions, precludes the support of such unbound Majorana
edge states. Therefore, in the present work, we propose
the sine discrete Fourier transform type I to reach the mo-
mentum representation when using finite chains. Once
the model is represented by the Majorana momentum
operators, we use an extended Bogoliubov-de Gennes for-
malism and, by means of a SVD performed onto the re-
sultant coupling matrix, the zero singular values are ob-
tained, which in turn reflect the presence of zero eigen-
values. With that in hand, we obtain a parametric phase
diagram of the Kitaev chain where we can distinguish the
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FIG. 7. Zero energy eigenstates in (a) momentum and (b)
position for both Majoranas kind A (blue) and B (red). The
exponential fit is also presented in (b) showing the expected
behavior for the edge states. The parameters considered are
L = 51, η = 0.3 and µ = 0.1.
presence of the localized edge states. Since the coupling
matrix is singular the usual diagonalization techniques
involving matrix inversions are not appropriate, hence,
a refined method to reach the corresponding zero-energy
eigenvectors has been introduced and the eigenfunctions
are also presented.
The different interwoven methodologies allow us to re-
duce the matrix dimension from an exponentially large
dimension in the system size of 2L×2L to a linear dimen-
sion L×L for which a much larger number of sites may be
studied in a finite chain. Additionally, we have learned
how to treat the particular case of hard-wall boundary
conditions and therefore we can apply the sine-transform
to many systems where the finite size may enhance novel
phenomena.
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Appendix A: Orthonormalized sine discrete Fourier
transform type I
The basis orthonormality is given by
〈k−ζ |k−ζ′〉
=
2
L+ 1
L∑
l=1
L∑
l′=1
sin
(
π
L+ 1
ζl
)
sin
(
π
L+ 1
ζ′l′
)
〈∅|aˆlaˆ†l′ |∅〉,
=
1
L+ 1
L∑
l=1
[
1
2
{1 + (−1)ζ−ζ′} − 1
−
(
1
2
{1 + (−1)ζ+ζ′} − 1
)]
=
1
L+ 1
L∑
l=1
1
2
[
(−1)ζ−ζ′ − (−1)ζ+ζ′
]
︸ ︷︷ ︸
=0, if ζ 6=ζ′
, (A1)
where we have used the summation
q∑
p=1
cos px =
1
2
(
1 +
sin
(
(q + 12 )x
)
sin
(
x
2
) )− 1. (A2)
In the remaining case, ζ = ζ′, we have
〈k−ζ |k−ζ 〉 =
2
L+ 1
L∑
l=1
sin2
(
π
L+ 1
ζl
)
= 1, (A3)
6here we have used the sum
q∑
p=1
sin2(px) =
q
2
− cos((q + 1)x) sin(qx)
2 sin(x)
. (A4)
Hence the orthornormalization, 〈k−ζ |k−ζ′〉 = δζ,ζ′ , is
granted for all basis states. Finally, the completeness
relation is given by,
L∑
l=1
sin
(
πl
L+ 1
ζ
)
sin
(
πl
L+ 1
ζ′
)
=
L+ 1
2
δζ,ζ′ . (A5)
Having the sine transform, we can now determine how
to relate the position and momentum space operators
using it as shown above in equation (4).
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